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^ This is one of a series cf geometry modules developed 
for use by secondary students in. a laboratory setting. This module 
wjs^ conceived as an alternative approach to the usual practi'ce of 
giving Euclid's parallel postulate and then mentioning that alternate 

^Pos+ulate« wculd^lead 'to an alternate geometry or geometries. 
Instead, *he' student is led throuah an axiomatic development into a 
log^c^il dea^-cnd which requires a new postulate in order to allow 
further Inveetiqation. The studen+ is then requested to take a 
^o^t-wl'^te alien to his/her experience. Most hiqh school students w^'ll 

o^r^ot easilv '^ceot this, and a lot cf s+udert intetest is generated, 
OnH-s in fHe module are: (1) Existence of a Parallel; (2) A .Parallel ' 
Postulate: (3) Hvperbclic Geometry: (U) The Poincare Model; and (5) 
Enclidear Geometry. (Au^hcr/MK) 
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PARALLEL 



iW MANY? 



Teacher's Guide 



Ob.lectlvea . / 

1. The student will accept that a parallel pbatulate 



2. 



is needed in the axiomatic development of geometry. / 
The student will follow some of;4he axiomatic de- 



velopment that the hyperbolic postulate leads to 
^ and model some of the results.' ' f 
^3, The student will follow the axiomatic development f 
that the Euclidean postulate leads to and be able 
. to Apply the results. 

I V 

Oveivlew * * ' ♦ * * * " 

This module was conceived ^s an alternate approach to 
the usual practice of giving Euclid's parallel postu- 
late and then mentioning thatla?^rriate postulates 
would lead ua to an alternate geometry or geometries. ' 
Instead , the student is led through an axiomatic de- 
velopment into a logical dead end which requires a. 
new postulate In order to allow further investigationV 
He. Is then requested to take a postulate alien to his 
experience. Most high school students will not easily 
accept this, and a lot of student Interest is generated. 
At this point the teacher can merttlon some df the re- 
sults of the postulate and then return to Euclidean de- 
velopment In unit IV, or continue Hyperbolic Geometiy ' 
in unit III before returning to Euclidean Geomptry.^- 



lit 

III. 



Units In the module arei 

^ ' Existence bif a parallRl. Picks ' up axiomatic 
■ . development ^and follows it to existence of a 
parallel. ^^^r: 

A Parallel Postulate ^ Leads students -to a 
parallel postulate. 

Hyperboli c Geometry . Develops the hyperbolic 
postulate" to obtain results contraiy to stu- 
dents previous experience. The new system is 
then n^odeled and physically embellished until 
it becomes for most students a viable system. 
The Polnc are Model . A geometric model for 
modeling plane hyperbolic geometry. 
Euclidean Geometry. Axiomatic development 
from Euclid's parallel postulate. 



IV. 



V. 



Materials ^ 

Polncare 's Model 
(Instructions for building on p^e pf-3,) 

"Shrinking"' meter stick 
(Instructions for building on page PT-3.) 



P^-3. 



i 

\ 
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I. EinSTENGE OF A PARALLEL 
Teaching Suggest lona 

Teacher and students should share the work here. Per- 
haps the teacher TOuld explain Theorem A , then ask the 
'students either In groups Individually to prove the 
'coroi).ary. Someone might be selected to preserft' the 
proof to the class. The rest of the work can be done 
the .same way' in an effort to keep students actively 
Involved In the development, • . - . . 

Exercise Answers - (Page P-3j 

5. a) Yes ■ e) Yes 

b) No f) ,No 

o) Yes • g) Yea 

d) Yes ' h) Yes 

II. THE PARALLEL POSTULATE 

• * 

Teaxshlng Suggestions • <' ' , ' 

The teacher Bhould play a very active roll In this 
development! not necessarily by transmitting the con- 
tent but by guiding the students' i^rivestlgatlon, and 
settftrtg the tone* The tone becomes- crucla}^ as the 
student runs Into the logical dead erv^.of trying to 
prove the existence of, at most, one^parolleX through- 
a given point. This uroWm can .initiate more student 
enth^plasm, arguments Wd discussion than you might 
bell^ possible. ' 



X 



Exercise Answers (Pages P-6 and P-?) 

* 

1. a) > 

c) < , 

d) - ' . 

2. ZGBD And /.EDP' are coijrespondlng ' 

^ABD and ^BDE are alternate Interior angles. 

3. a) -^FAB and -dAFG 

'b) ^DHB . . ' 

c) Z BAP and ^ CAE 

d) AGAP 

e) /APE and ^ PEA . 

b) T , 

c) T 
-d') T 

5. \) Yes • • ' ' 

^ 

b) No " ' 

6. a) PS // OR 

b) None ^ 

c) . PS // QR 

d) PQ // RS 

e) PQ // RS ' ■ 

f) Ikone 

g) PQ RS / ^ 
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III. HYPERBOLIC GEJOMETRY 

Jeachlnfc Suggest lona ^ 
Tho Definitions and Theorena diiri best be presented 
as overhead transparencies, allowing faster, and 
easier presentation. You may wish' to present the^* 
proofs as shown, or merely discnsjs with the students 
what can be proven. Notes 'for the teacher are in- 
eluded for eSich set of transparencies. 

Materials 

Polncare Board , 

30 cm radlua clncular region cut of cardboarti or 
wood. 0 / 

Hyperbolic Lines * 

Arcs cut of plastic sheets, 2 mm^- 3 mm thickness. 

* • 

Gut 10 arcs of l/2 cm width, to these specif ;).c^at ions 
for the Inside curve. ^ 



Radius 


Chord Length • 


10 cm . 


19 cm ' 


15 cm 


26.. 8 cm 


20' cm 


.33*!) cm 


30 cm 


42.4 om 


cm 


48 cm 


50 cm 


51 cm 


60 cm 


53.7 cm • 


70 cm 


55«1 cm 


80 om 


56 #2 cm " 


90 Cm 


56.9 cm 
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Following Is \he basic program If you wish to gen- 
erate^ the meizl2^urem€?nts foo? more hyperbolic' lines. 

LET R » .30 

PRINT "R 1 - "t R 
. PRIIJT "L R 2" . 

FOR J - 0 to .9 Step .01 

LET L = (2 * R * j) / (SQR(R '2 4. J '^ 2)' 

PRINT L , J 

NEXT J • . 

• . • ■ »^ 

END 

n 

"Shrinking" meter sticks 

Cut four cardboard strips 2 cm wide and 1 meter, 

> 

1/2 meter, l/k meter and I/8 meter in length re 
sp^ctlvely. Label each as shovn.' 

0 m' I^ER STICK 1" m 



' ' ' IV. THE POINCARE MODEL 

This section is very dependent on the teacher 
for guidance, motivation and timing. 1['he stu- 
dent materials' exist to give you and the 
student somewhere to start. However, this 
section may be done just as effectively with- 
out distributing student information sheets 
and^instead, just guiding the student through 
the ideas of the section by yourself... To this' 
epdi we put forth here a statement of purpose 



for each individual activity^ any p6rtinerit notes, 
and urge you to use your own procedures to intro- 
duce and guide the activity. . ' 

A description (yf a Poinckre Model Board is given in; 
the beginning of the Teacher's Guide in the materials 
section. The purpose of Including a physical model 
here is four-fold. ^ 
^ l) It allows the student to do the modeling 
making the whole idea seem somewhat less 
^ esoteric. 

: 2) The student can show himself that all the 

theorems and postulate^ preceeding Postulate 
H are consist^t with this model. 

3) It allows the student to view two parallels 
to a line, open triangles, Saccherl quadri- 
latemls, etc. in their proper perspective. 
That is in a hyperbolic plane, not a 
Eu^ldean plane, 

4) To give the student a mental picture of a 
hyperbolic plane to which the physical world 
cam be. related. I 

It Is strongly suggested that you try modeling the 
given statement befor| going into the classroom with 
the modeling boara. THiis will give you an idea of 
where proTDliems wi3Sp||| encountered. 

The puiTJose of Statement 1 Is obviously to determine 
if a, pair of points determines exactly one line. 



■ • • * ■ . 

Statement 2 is^included to check the plane separation 
postulate. Statement 3 points one toward the prob- 
^lems of- measuring angles. The. student may be able to 
rely on his intuition fpr this, it might help that 
intuition if the measure of an angle formed by tan- 

^/ gents to the two curves! is demonstrated. This will 
also ^assist them in Statement. #'s 6, 7, and 8. The 

\ purpose for mbdelirig Statement #»s 4, 5, 7, and. 8 is 
apparent while #6 is included to again indicate the 

• difference ^between ijarall-els and ultra parallels. 

Glass Activity l i Do you really know. which way is 

straight? ■ ' ' 

-The purpose of this activity is to indicate that 
determination of straightness is visual. Theitefore, 
only if light travels in straight lines can one be . 
confident that what he perceive^ to be straight is 
actually straight. 

• * 

The Activity I Request volunteers from the class who ^ 
feel they definitely knoK how to walk a straight line. 
Have them do so by selecting an object across the 
room, field, gym, etc, and walking- a straight line to 
that ^object. Now have them each return and try the 
^ • same thing again, blindfolded. Observe the difference 
In paths between trials. This should convince them 
that In the physical world their determlnatloh of what 
straight is depends on light. Note that the M^^er 
tj)6 room, the more"*<Jonvlncing will b^the results, ' 

• © 74 u of mi 



Cl&tj^ Activity ?,t First one put the door Is extremely ' 

smdfil. 

The purpose of this activity Is to help the students 

ibderstand how a plane that; Is bounded can 'Still seem 
Infinite, 

" . " ' • '. 
The Actlvltyi' You should have a set of the meter 
\^ sticks described In the materials sedtl on of the 
Teacher's Guide hidden somewhere In the .;:oom. You 
must now explain to the students the predicament In \ 
which they now find theniselves. Their predicament - 
Isi ' - . 

Sii^e the class .has entered the classroom, you 
^ have inadvertently stepped on the Kldden button 
» that changes the room into a i»yperboll<^ room. 

This makes it very difficult to leave the room. 
In fact, so difficult that you are willing to 
^ give a reward to anyone who can follow the |rules 

. "imposed by the hyperbolic plane and still /leave 
the. room. Those rules Sirei * ( 

1) Ori^can nevj&r change size. If one is a 
meter 70 tall, he must remain a meter 70 V 

' tall. 

2) Between each step taken one must be' 

measured to be sure he has not grown. 

* ■ / 

' Stajf the student^ in the middle tbf the room. „ Take 
an initial height measurejjient with the full sized 
meter 8tlck\ ^llow him Ms first step. Takej^e 

o II ' I .PT-5 
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next height measurement with the* second meter stick 
(one^ialf mdter in 'length). Observe that the stu- 
dent, has grown. Therefore, we must shriiik the » 
student. Shrink student. Allow the student to 
take ajiother step In ^Is shnmken state. Measure 
his hel^t with the third meter stick. He has again 
grown arid must, therefore; shrink some more, ^ 

TYie students might complain that the meter stick Is 
fehrlnkln^ rather than the student growing. Kindly 
explain that If the room were Euclidean Instead of 
hyperbolic,; that would -be true. However, in a hyper- 
bolic rodm the size of the meter stick varies* with 
location. It should be apparent to the student and 
the rest of the class that the student will never make 
it out of the room.* He may, therefore, consider the 
room: to be infinite. 

•The last pdH of this section is Ir^cluded for the 
purpose of convincing the student th%i the universe 
, migfht^be hyperbolic, l^you haAfi&!,!fe alternate way of 
doing this, use It. Or read the given information 
and present it to the class 'verbally. t1|e importsmt 
ihlng is that the students realize there exists a 
viable alternative to Euclidean Geometry. 



12. 
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* v.. Euclidean Geometry 
Teaching Su ggeBtlona 

Thla section begins with Euclid's Parallel 
Postulate and proceeds to the more Important 
ripsults* The proofs are left for students to 
do or the tfapher'caK do them for the class. 

\ 

The teacher ought to make a platement to the 
g^sd explalnlftg wh^ we choose to continue with 
fflclldean 'geometry. (l)Vlt Is simpler - we 
have gone about as f a^; as-we Can go In hyperbolic 
gebmetry with the matheLtlcal background of the 
class. (2) Euclidean /geometry Is a better des- 
cription of 'our experience. 



« 
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(I3TENCE OF A PARALLEL • 
♦ • \ ' ^ 

We 'plok up th^ axiomatic story line of geometry assuming that you are 

familiar with the line andMlstance postulates, the angle postulates, and 

Theorem Z , which gives the existence of on^ and only one llpe perpendicular 

to a glvin line at a given point on the glyen llne.^'The Intention ' now Is 

to take this development Into an Investigation of' parallel lines. 

The central question In any develoiiient of parallel lines Is? • 

* > Given a line and a point P not on line ^ , how many ^ • 

. * - _ lines -^xlst which contain P and are parallel to jt ^ 



Immediately there appear three answers to be considered. There are none, 
there Id' exactly one, or there are at least two wouldT cover all possibili- 
ties. Surely ifost of . you already know the correct answer^But we axe ahead 
of ourselves.'' We wish to put all of this on a firm axiomatic basis, 

; ^ Let- ufr proceed and share the work. The writers will provide some of 
the proofs \nd you will be requested to pfovide others. Our first objective 

♦ 

1*111 be .to eliminate the first alternative - there are no lines through P 
parallel to }t , That^is, we shall try to prove that there exists at least 
one line through T^rallel to , - 

Theorem Ai Given a line ^ and a poipt P not on the line, there is at most 

one line that contains P and Is perpendicular to ^ » 
Tjr-Qofi Assume there* are at least two lines, ^ . 

. and perpendicular to / at 
''' , points A and B respectively. There 

^ exlif ts a point R on the ray opposite 
AP^sueh that^AP «- AH, Since J- 
'<PAB - -CRAB, AB « AB now Implies' 
that /IPAB «■ /\RAB by SAS, ^ Hence, 
, » > <PBA « <RBAf Since A^-^ ^, both 

" S.PBA and <RBA must be right angles. 

Thus, both ^'^^^^ P^^'^^^o^i^ 
*to A at B. But this contradicts Theorem 2. Hence, there must be 
at most one line through P perpendicular to ^ . 




ERIC 



P-l 



(g) 74 U of t)ML 



r 



/ 



Corollaryi No trlan^^le has two „ right onfilea, 



Proof I 



Proof la lefts to you. 



Proof I 



Theorem Bi Glveri a line X and a point P not on Jl , there Is at least one 
line that contains the given point and Is perpendicular to X. 
Line ^ contains two points Q and T^, 
E and H are the jialf planes defined 
by llr\,e j( , 'E contains point P/' 
Construct ray QX in H such that 
-XRQX - -iRQP, There exists a point 
T on QX such-tirat QP » QT. Since P 



Intersects i at some point ,A^. Either 
Case 1 A e Q ^ . 

Case 2 A is in the interior' 
Case 3 Q isjietween R and A, 





m / 

f / 


^ — 




X 




H 








^ \ 

f \ 

r 








• 

* 



^ase li If A - Q, then A, Q,^and T are colllnear. Hence 

m<PQR - m<XQR 

pendicular. 
Case 2 1 Since QA *» QA, /'iPAQ 



90 and PT is the desired per-. 



ATAQ. ThUs, 



m<PAQ - m<TAQ - 90 and PT is the desired per- 
pendicular. ^ / , 
Case 3» Proof is left to you. 

Deflnltloni Two lines are parallel if f they are coplanar'and do not intersect. 

Theorem Ci Given three coplanar lines. If two 9f those lines are both 
perpendicular to the third, those two are parallel. 

X 



Proof I 



V 



Let and both be perpendicular 
to at points P and Q respectively. 
Theorem Z guarantees that that P ^ Q. 

Assume ^.^ Is not jpamllol to V^, 
Then * ^ intersects /r, at some p^nt H* 
But APHQ contains two right angles which 
oontradlots the corollary to Theorem A. 

••• A "4 



/ 


\ . 


p 

.... Q 


-J 9> 




< 
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Theorem Di Given a line M. and a point P not on V » then there exists 
/ at least one line thr,ough P parallel to jL , 



Proof I 



Exercises I 



Proof Is left to you, 



1. Prove, the corollary to Theorem A, 

2, Prove Case 3 of Theorem B 

3. ^ Prove Theorem D, 

4, Name two pairs of parallel lines. 



Ill 



5. Corfslder the follpwlnf; deflnltlonsi 

* 

A vertical line Is onejQontalnlng the center of th« eartht 

A horizontal li^e Is one thect Is perpendicular to some vertical line, 

dould two horizontal' lines be parallel? 

Gould two*\^rtlcal lines 'be parallel? . ^ 

Could two horizontal lines be perpendicular? 

Could two vertical lines Be perpendicular? ^ v 

Would every vertical line be *horizont$Ll? 

)f/ould every horizon taMi line be veirtlcal? ^ 

Gould a horizontal line be parallel to a vertical line? 

Would every line be horizontal? 



♦ a 
b 

.c 
d 
e 
f 



THE PARALLEL POSTUUTE 

Havln^^ 80 successfully disposed of the no parallel bptlon, we throw 
caution to the wind and proceed at break-neck speed to select the correct 
answer from the remaining two. First we attack a question about the ex- 
terior angle of a triangle, then define angles useful in work with parallel 
lines and than we ai*e ready. . ; 

Definition! If A Is between B and G, and D Is not on BC, then -dCAD and 

V 

<BAD i^'orm a linear T)^rt[!? t ^ 




\ 
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l||finlUoni An exterior angle of a trlanglfe Is" an angle that forms a linear 
pair wlth^one of the anglea of 'the triangles. 

Definition I For any exterior angle of a trlAngl^', the remote Interior angles 
I .are those angles of th« triangle whlfth do not form a linear pair 

wltih the exterior angle. 

Theorem Ei , The measure of an exterior angle of a triangle Is greatest than 
^ the measure of each remote Interior angle/ 

Restatemenp Given: aPQR and point S such that 
. * R is. between P and S. 

Prove: m ,<lQRS > m^Q and 

m/lQRS>mZ.P p 

Let M be the midpoint of QR, There exists 
a point T on ^ such that PH - MT and M Is 
"between P and T, Since /IqMP - ZRMT, L 

AQMP - ^RMT b^SAS. Therefore, m iL qI mZ.QRT. Since RT Is 
between RQ and RS, m Z^RS - m /qRT m^TRS. Hence, 
m ZlQRS > m/.^T - mZ.Q. The proof that m/lQRS > mZP Is left 
to you, • 

If a. triangle contains one right angle, the other two angles 
are acute angles. I . 



Proof I 




Corollary I 



Proof I 



The proof is left to you. 
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We wish now to define pairs of angles which are usefijj^' In working with 
parallel or near parallel, pair of lines. To avoid undue wordiness, we allude 
to definition by diagram. 

Definition I Line X Is called a transversal 
between m and n, (Notei m and 
V . n may or may not be parallel.) 

Definitions! The |>alrs of angles 3 and 6, 
, _ and 4 and 5 are called alter - 

Definition I The pairs of angles 1 and 5,^ 
2 and 6, 3 and 7» and k and 
B are called correaDondlng 

P-4 
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Theorem Fi 'if two coplanar Xlnes are cut by a transveieal auch that a 
pair, of alternate Interior anfflos are congruent, then the 
tHo linen are parallel. ' 



Restatement I Given i /.ABC - ^BGD 
» Proof I AB // CD 



Proof! Assume AB Is not parallel 

with CD, Then AB and CD 
Intersect at some J)olnt P, 
But the hypothesis that 
m^ABC " mZ>BCD contradicts 
Theorem E. Therefore, 



Theorem Gi If tvo coplanar Unbare cut by a transversal such that a pair of 

Corresponding angles are congruent then the two limes are 'parallel. 
Proof! . The proof is left to you. * 

WE km READYJ , • 

~ » P ; 




4>L 



If--' 



We have, already determined that there must be at least one line parallel '^^^ 
to X- through P, In all honesty we must warn you that we have consulted with 
many mathematicians ^and read many Ifoks and articles about this, Everyone, to 
the last .professor^cdnsulted, has advised us to make an assumption about whi,ch 
answer is correct and not try to prove that one is correct and the other is not.' 
•WA mean to take heed of all this advice. So here comes our assumption in the - 
form of PoBtulate H. . 



Postulate hi Given line ^ and point P not on » then there exists at 

least two llaes' through ^ which are coplanar with ^ and 

do not Intersect jl » ' 

" . • 
There, we were sure most of you kn^w that was the correct answer long 

ago. We, therefore. Illustrate this with a simple diagram and proceed with 

the development. In the diagram neither line m or line n lnte?:sect with X . 




There may be a .few of you who are not quite convinced that Postulate H- 
U the correct choice, We Invite you to try tq prove that Postulate H Is 
,^ vrrong or l^at the other choice Is correct. We are sure that you will soon 



be convinced that ne have^made the proper choice. 



Exercises - . 

1* Complete each of the following; statements 
• t\\& symbol >, < or. 

of^ If mZ-l ^0 and m^2 - 30, then 
. mA4 _^ ho, 

b) _ If m ^1 - 72 and m Z2 73 . then' • 

v[th' 73. 

c) .If mLh -112, then m/.l 112. 

d) If mZ.4 - 150, then mZ:^3 ^ 30* a 

2# From the four anglei^ Illustrated, find 
the fcrllowlnRV ' 
a) A pair of corresponding angies* 
bv A pair of^ alternate Interior angles. 
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3. ^Ualng only the points and Begmenta 
shown In the diagram, complete the 
folloHlngi 

a) . Two extetior arjigles of AFAE are 

and 

b) An exterior angle of ^DHE la 

c) Two exterior angles of Z\BGA are 
and 

• d) Z_ GAG Is an exterior angle of • 



e) Z-BAF Is an exterior angle of ^lAEF 
► with remote Interior angles m and 



^« True or false 

a) Is a transversal of and 

h) Is a transversal of .(^_ and i,, 

c; Is a transversal of .H^ and 

d) Is a transversal of and iiy 
9 



5. a) If^Q- /Is, does it follow that' 
' . QP // T|? . 

b) If LV - tLS, does It follow that 
QP // t"s? 

6. Name the segments ,^^^i^any, that are parallel If 

a) 'l:5 ^ L9 ' 

b) ; Z2 - /lO ' 
• . c) L3 - /„10 ' ■ ' 




d) - L6 

f)- L5^ LI \ 



( 




' « 1 



er|c 



P-7 
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Definitions for Hypejgboilc Gebmetiy^; 



N 



— ' P 



M 



M 



N 



0« 



V 



Definitioni MP i^a parallel to X if and only if 

a) MP and x are coplanar, 

b) S and do not intersect, • 

c) All ra^PT" where T is Interior to 

Definition Anx line>^' which satisfies conditions* 'a) and b) but not 
c) is called an ultra parallel . 



CWV^ intersect with 



Notes on De finition 3h»ftt. ^1 • - , ^ ' ^ 

Postulate H cori^irms the existence of an infinite number of*iines through 
P- which fulfill cor/ditf^s a), and b). . Ther« are, however, only two which 
meet condition o)L Since these two lines are special, the. word^rallel is " 
redefined to^facilitate easy reference to this pair of lines. 

Us^lly pa^^l9l rays pTand m will be referred to raiher than parallels 



PM and VlTT 

.The difference between^Postulate H a;^ Euclid's' postulate qan be stated 
i« parallel. rajrs PM and PN/ Euclid's postulate claims they axB 

colifne^r and Postulate H claims they are non-collinear. 
If dl?^ parallel is fjiven in a diagram. 



It could be' that P? does not Intersect with X 
If MP Is i parallel, then it must either be 
trud that all rays Intersect >?"or eill rays 
PT Intiersect m: , 



t 

, M 


P 


M 

— — 


^ — 

■. S 






• T . 


<e— — - 


"1 


H , 
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^ Definitions for Hyperbollp Geometry #2 




i. 



v 

V 



p ^ 




■ Q 

Definition! Given line TX, point P not .on TX, segment PQ perpendicular^ to 
^ TX at Q and rays PM aitl PN parallel to line TX. Angles MPQ 



and NPQ ^re called the angles of parallelism^ 



> 



,Deflnltloni The direction of ray PM Is called the direction of parallelism 
of PM,. ■ . , ' 



Definitions for Hyperbo?.lc Geometry #3 



D^tlnltlpni 



Definition! 



Definition I 



sversal 



Let FN be a parallel to TX through P. If PT Is a t 
Intersecting TX at T, then the union of PN, TX and PT Is called 
an open trlapgle and Is denoted as/iPTyl.. 

An exterior angle of an open triangle Ijs any angle which forms 
a linear pair with, an angle of the open triangle. 

An angle Is a remote. Inferior angle of a given exterior angle, 
if it is an angle of the open triangle which d.oes not form a 
linear pair, the glv6n exterior angle, ' * 



Notes on Definition Sheet #3 

The letter omega {Jl>) is used to indicate an ideal point at infinity. 
The symbol is introduced for notatlonal purposes. It is not meant to be used 
to motivate a discussion of ideal points, what is at infinity, or any other 

similar esoteric subject matter. It should be noted, however, that it rep- 
r^ents the Aict that two of the sides "of the triangle extend indefinitely. 



• , Angles 1 and 2 are exterior angles of AFTJl, There exist two other ex- 
>ii^rlor angles to /jPTA which are not labeled. 

Angle :yis a remote Interior angle of ^I, Angles 2 and 4 share the same 
relationsM 



Definitions for Hyperbolic Geometry 



S 



H 
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Deflnltlohl A quadrilateral In^ which a pair of opposite sides are congruent 
» and perpendicular to a third side Is called a saccherl guadrl" 
lateral . 

Definition!^ In Saccherl quadrilateral SACH, AG Is \5allfed the summit . sii Is 
called the base . /_ASH aSd Z_SHG are called base angles , and 
/^SAG and Z.AGH are called summit angles . ' 

' _ ■ ' \i» 

Notes on Definition Sheet #4 * I 

' ^ ' • ■ ^ , / 

This Is a good pleuce to Include some historical notes about Saccherl 

the mathematician and his life-long quest for a proof of Euclid ♦s parallel 
postulate. We refer you here to any of the fallowing sources. > 

1» Howard Eves * 

2, Molse 

^ ■ '■ . ■ 

A discussion of some of the history would lead to an Observation that 
' the sununlt angles cannot be proven to be right angles. ' • 

Theorems, of Hyperbolic Geometry #la 

v Theorem Ij 1^ two open triangles AB^ and GOt/l have 12'^'^ /.O and 
AB - GO, then /A - Z.Q. . " ' 




A may be related to IS* In three possible ways. . 

a) m/,A>m/.C ' See //lb ' 

b) m/LA<.m^C See //Ic 

c) "m^lX - m^C 

c must be true since both a and b are absurd. 




\ 
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Theorems*Df Hyperbolic Geometry #lb 



If m.Z.A(ZBAx) C</ PGO), then • 

' • ' \ 

B • - . \ 




AD exists such that L Tik^-^^ KJO 
R exists such that BD » OR 
AROG - /\DBA by SAS 



But Z.RGO - Z.PGO Is absuiM! So, mZ.A mZ,G Is false. 




* . Theorems of Hyperbolic Geometry #lc 

If m^A (<LBAX) mZ.G (^?C0), then - • 

B \ 

\ \ R 




D 



A ,, . . . ^ X 

. CR exlAs nuoh that /-RGO - ZbAX 

3tl 



D exist! such that BD* - RO 

ROC - /^DBA by £5AS V BAD « /iRCO -ZbAX 
But/^RCO •^LPCO is absurd I So, m/A < m^C is false. 



0 
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Notes on Theorem I 

ff ^e students/are wllllri to accept Theorem I without proof, It is 
not necessary to expose them to transparencies lb and Ic. 

If the students need to be convinced, the traneparencies do not give 
,.a complete proof. Included here is a more complete proof for/transparency 
lb, which may help in answering any que'gtlons which may arise. . - 

if m l BAX > m/PCO, then there-. Is'a ray In the Interior of ZBAX . ' 

such that m^BAT - m^Pqo^ 'since AB.a .is an open triangle bK' Is a parallel 
to AvV (not. ultra-parallel). Therefore. AT Intersects with A ' at ^som^ point 
D. By the point plotting theorem there exists a point R on' 0?l. such that 
^OR BD. - Now /IROC -:^DBA by SAS which leads directly to the ab^rd statement. - 
^that mZ-RGO » m/-Pgo. ^ ' . - ' 

The pro«3f that m/-AV mil G is absurxi l,s similar, " , ' * 

Students should be shown the definition t^ransparency -#1 before attacking. 
Theorem I,. I > ' . 

.Students should be shown definition transparency #2 before exposure to " ;^ 
the corollary to Theorem I, - * 



, ; ITheorems of Hyperbolic Geometry #ld 

V Corollary t<j Theorem Ii Angles of parallelism are congruent. 




Q 



W aPQ/b containing M and PQ A containing N,/ /.Pqt W^^.^^^^ 
Therefore, angles | parallelism ^MPQ and ^NPQ are congruent. 



S 



PQ. 



■M 



) 



Mr 
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Theorems of* Hyperbolic 'Geometry #2a 



fh^^orem II? Angles of parallelism are ac.ute; 




There are three possibilities for ^MPQ and /NPQ. , 

a) m L MPQ. «• mZ.NPQ « 90 

b) m ^ MPQ - m/^IPQ .^ 90 • 

c) m/_ MPQ - m^i NPQ < 90^ 



Both a) and b) lead to contradictions of pi^vlous'ly accepted theorems and 



postulaites, 

Thei^fore, c) Is the proper, cholc6. 



V 



Theorems of Hyperbollo Geometry MZh 



If mZMPQ - m^NPQ - 90, then 




M, P and N are oollinear, There Is cvily one^line through P parallel to X. 



plis oontradlots Postulate' H, 
ERIC 
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^ ThQor6iii(si. of Hyperbolic Geometxy #2c 



If n^m, m mZ NPQ>90, then 




/. . « 
♦ 



PR- exists In the interior of ^NPQ such that mZRPQ - 90. But 
PR Intersectp with' a • 

This contradicts Theorem CI ' 



— ♦- 

X 



Notes on theorem II 

Students should be shown definition transpaxency /^J before exposure 
to Theorem II . » 

For transparency .<'2b, remind students that PM and PN are the two 

parallels. They are 'not ultra parallels! Therefore i any other lin^ 

coplanar to and non Interfl^eotlng with 

.X must lie in the interiors of vertical 
» » 

angles MPN and NPM , It is then clear 
why M-, N and P collinear implies at most 
one parallel io a' through P. . 




-> 



For transparency #2<^, P^ must Intersect with X ^Ince PN is a parallel 
and not an ultra parallel. Shown Is the fact that /NPQ cannot be obtuse. 
SlnceZ-NPQ AMPQ It follows that/i-MPQ cannot be obtuse. 



X 
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Theoroma of Hyperbolic GaometTy //3a 

■• ■ ... 1 ' " ; ■. 

^ Theorem III I " T.Mo_rm»*p^allel to the ^ame lln^ In the same direction are 
parallel to each othet, ^ 



.P 



N 




Restatement I If PN le a parallel to X and SR Is a parallel to X , then SR 
18%. parallel to PN, 

Possibilities! a) pS and^ S? Intersect . ' ' ■ 

b) pIi and 3^ are ultra parallel 

c) PN and are parallel, . ' 

Again o; proves to be the only non -contradictory possibility. 



Theorems of Hyperbolic Geometry y{i'3b yr:^^ 
If PN and SR Intersect, then 
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th^lr point of Intarseotlon * 
XR Is parallel to ^, Hence, 
xfc IntareectB A * ^ 

This oontradlQt» the J^ypotheale that PN Is a parallel to jI 

Theorems of Hyperbolic Geometry #3c 

-> ■'■> 

If PN and 3R are ultra parallel , then - 





PX exists such that PX Is parallel to SR 



PX and,^ do not Intersect, 



This contradicts the hypothesis that PN. Is parallel tp ^ . 

Notes on Theorem III 

The theorem establishes a transitive property for a special set of 
parallel raysi namely, those lit the same direction. 

Once again the dlffetence betneen parallels and ultra parallels Is 
very ImpoTjfcant to the -understanding of, the theorem. 

In transparency ^3b, X? Is claimed to .be s . S 
paraiel ti ^ , It Xb^ not obvious that can 
not be ultra parallel to J^, A proof that 
cannot be ultra parallel to ^ has the f oUow- 
Ing baslft. If XR is a^ ultra parallel, then 
a ray iS parallel to < exists' In the Interior ofZ.RXT. Ray SN must Intersect 
X at some point ^. By I^asch's theorem must Intersect side TZ of ATZN, This 
contradicts the fact that xft Is a paitillel to X • ' 

f. -4. ■ 

in transparency #3c, PX an&X do not Intersect since they are contained In 

opposltt half planes Kith edge BR, 
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Restatement! Given /iAB/l with exterior angje 1, prove m4l> m<2. 

Either a) m ^1 m/2 

^ b) m/l - m/2 

c) m ^1 > mi^2 

I 

t 

a) and b) lead to contradictions, leaving c) as the correct 
choice. 



Theorems of Hyperbolic Geometry 4b 




exists Buoh that m/. DAC ni ^2 • 



Slnoe AB Is a parallel to 



B^, a3 



must Intersect BF. 



This cqntradicts Theorem E. 



Theorems of Hyperbolic Geometry ^o 



If m ^1 - m 2, then 




With M as the midpoint of AB, draw^ 'perpendicular to BF. 

ARAM - AQBM by ASA 

^km Is a right angle V' * 

Z.ARM Is also an angle of parallelt'tem. 



This contradicts Theorem II. 
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f N ptea on Theorem IV 



Theorem 4i An- exterior an^le of an 

Open triangle Is greater In 
' meaa^zl^p^han the remote In- 

terior angle. 



Restatement! Glveni kBS\^ and exterlpp^ angle /^It 
Prove I mZ*l>mZ2g 

T . 

There are three posslbllltlest (l) mikX ^-^l-Z 
-(2) mLl - mLZ and (3) mLl > mLZ. 




Case li AssumQ mZ.1 m^2. Then 



there exists AG between A 



and AB such that m/-DAG - m/-2. 




Since Afi la a parallel to BF, A^ nmgt Intersect with . 
BF forming a triangle with exterior ar^gle ZLDAC, This 
contradicts Theorem R. Hence m/l <' m/L2 Is false, 



Case 2 1 



Assume m-^l m^2. 
Construct QM such that 
M Is thp midpoint of AB 
and 0^1 jL B^.' m^5 - mZ2; 
AM - MB and mLL\, m m/LJ, B 
Hence, ^ BQM « A ARM by ASA. 




-V 



This Implies ZARM Is a right angle. By definition 
Z ARM is also an angle of pa;rallellsra and by Theorem J 
mu^t be acute. Contradiction. Hence, m ^1 - mZ2 Is 
false. Therefore, mLl >m/2 is fhe only remaining 
possibility. ^ * 



4 
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Theor«nus of Hyperbolic Geometiy #5 



Theorem Vi 



In a Soccherl quadrilateral, the line Joining the Mdpolnts 
of the baee and aununlt Is perpendicular to both and the summit 
angles are congruent. 




Restatementi Glveni AD±AB, ABJ_BG, AD - BC', EID - EXJ , and FA - FB. ' 
Provei ^_LAB, EF_L DC| m/.ADE - mZ.BCE. 

I . • . 

By 3AS ^ADF - ,^BGP -> Z.ADF - ABCF, DF - GF 

. ^IDFA - /^CFB 

-.1- EDV Z ECF 

/-DEF - /-CEF 

Z-DFE - IGFE 

/.KDE - ZBCE 

TlAFE'S;' ZBFE 



By SSS ADEF -i ^CEF 



By angle addition 

L DEF ^ZCEF 
Z.AFE -/BFE 



Koftea on Theorem V , • . H 

Expose students to *fflnltlon transpai^pnoy ^ before giving this 

theoremi ' - . 

■ ■ ■ w • 

Most students should agree with the results of this theorem. They should 
also be able to prove It with little help, ' 

The complete proof Is tocluded for your convenience. Construct DF and PC, 
By SAS ADAP 'i ACBF, This Implies that mZ-ADF « m^BCF and DF - CF, 

V 
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since BF . EP, ADPE '-^/iCPB by SSS. Noh nLFDE - m^FCE. But by the 
angle addition theorem m^ADE . miLflCE which was to be proven. Also 
mm - mACEP vhleh Implles^hat both ai« i,ight angles. Hence, W ±W. 
By angle addition theorem and 'definition of congment triangles 
m/APB - m/lBFB. Therefore, both are right. angles md W X i^. 



Corollary I 



The base and summit of a.Saccherl quadrilateral are ultra 
parallel. The above corollary follows since /.DEP and Z,GEP 
are not acute and, therefore, cannot be angles of paralleijLsm. 



Theorems of Hyperbolic Geometry #6b 




DH 



Theorem I 

Theorem III — <r^ GG 
CO, DH, and CD for open ACDJl 

TCheorem IV •— ^ mLl >'nLZ 



Therefore, m/:i + mZ/f > mZ.2 + mZ5 

Theorem V — ^ m/l - mii2 + m^5 
Hence, njL 1 +' m /^.i^ > m ^3 
And ^mZL3<90 or /.BCD is acute. 
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H 55Tieoreine of HjiqperboXlc Geojnetry ^6a 

Theorem VIi The summit angles of a Saccheri quadxllaterfid/ are acute. 



D 




B 



Restatement I Given i AD 1- AB , AB i. BC, AD - BC 

Prcvei ZBCD la acute (it then follows that / ADC Is also 
aeute . ) • . . ^ 

Construct GG parallel to AB In the direction of AB, 
Construct DH parallel to AB In the same dl recti cm. 

> 

Notes on Theorem VI 

This Is a result students will generally not be willing to accept. It 
will probably be useful to go over the proof -with the student's and Indicate 
that all the other resultia oove<(ed lead to the indicated conclusion. 

Not Indicated In the transp8il|:ency of the theorem is the fact that CG 
must be In the interior of/ BCE and DA must be interior to /.ADC since DC 
is an ultra parallel to aS. ' 

i A result of this theorem that should be mentioned Isi It is Impossible 
to draw a reatangle. No^tter how hard one tries, there will always be a 
i|3.1e^t defect in at least (^ne of the proposoid right pgles. 



V 
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Theorems of Hyperbolic Geometry #7a 

Theorem VII I The sum of the measures of the angl«s^of a triangle : 
• less than 180. 




Restatement I Givem A ABC 

Provei mLk + m/~B + m/,C<l80. 

Construct DE where D and E are midpoints of AB and AC respectively. 

Construct AG such that AG XDE at G, 

Locate P such that BF EG, \ 

Locate H such that HP • DG,' ^ 

Construct HB and FC, 

V 

" Theorems of Hyperbolic Geoirfetry #7b 




.J- 



AHBD • ^IGAD and AGAE - AFGB!*by SAS 
Therefore, /.2 - /I, / 3- < 
And FC - AG - HB 

And. m /BHD - 90 - mZ-CPE ^ 

HFX3B la a Saccherl q.uadrllateral with sununlt BC, 
Therefore, m^Cl + mZ5 + + mLS^l'^O 
And m^2 + m/.5 + m/.3 + mZ.6<l80 
That Is, mZA + m/B + m^G <180, 



Notes on Theorem 7 " 

This theorem tells the studfent that something he has believed In for a 
I long while Is not true. It Is time to remind him that this is a result of 
accepting Postulate H, That is if one cannot really accept this result, he 
must retreat and do away with Postulate" H, 

I Indicate to the students that they should not throw in the towel on 
Postulate H until they have worked with a model of this geometry, Since 
every one is familiar with modeling In Euclidian Geometry, these techniques 
have heen used instead of hyperbolic techniques. This may well be the reason 
for not being able to accept the Results Just proven, ./ 

You may not have tj^ prove thii&i theorem at all. After Theorem 6, most 
students will admi^hat Theorem 7 follows directly, , The .proof can be ^ 
supplied If needed. There %.b , howeveV, no need_ to f orce^t on the students ' 
if they do not rfeed to be convinced. 



Theorem Pi 



Proof I 



The sum of the measures of th 
180V 

Let B and E be the midpoints 
of AB and AC respectively. . 




angles of a triangle is less than 



Construct DE, Gopstruct a 
ray through A X to DE, Call 
it AG, Locate point F on DE 
ouch that B is between G and' 
F and GE « FE. Likewise, lo- 
cate point H on such that D 
Is between G and H and HD « DO. 
Construct FC and H6. 



* 

ERIC 




. -^^'^i^^^ /IFm AGEC. Therefore. /BHD and/EFX? 

. . 9'f1|tit:an^^;f^ FC - AG - HB> PG i» HB. Herlie, Q-HBGF 



the borigruent tfiangles it follows that m^l - m^-.2 and 



"•3y theorem VI .mZ.1 + mZ.5^90 and 

' ' . " 

• Therefore, mz.1 + m<14 + m /5 + m ^6V.l80 

^ ySubstltutlnfi; 'mZ2 + m/3 + mZ5 + mZ.6--.l80 • 

But mZ.2 + m2l3 +.m^5 > mvi6 Is the sum of the measure of the angles- 
of AABG. . -; ■ . • 

• '. • ' Q.E.D. 




The Polncare Model 



The Polncare model is a geometric model developed for the purposes of 
modeling plane hyperbolic geometry. It differs from the usual model in two 
significant ways. A plane, instead of bejlng unbounded, i.a bounded by a 
circle, A line is a subset of a plane ^ich is an arc of a circle that is 
perpendicular to the boundaiy circle of the plane at Its two points of Inter- 



section. 



X G 



'1.. 
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■ In the above, model, G Is the bounding circle, )i;.,and n are hyperbolic, 
lines, m Is not considered a line since It is not perpendicular to the 
;^boundlng circle. Use the PolnCar4 Modeling board with include^ hyperbolic 
jlinesto investigate each of the following conjectures. (Notei Each of 
the plastic lines l^nly represent a hyperbolic line when dts ends are on • 
the edge of the plane.) 



Statement t 
Procedure i 



Two points determine exactly one line.' * 

Select two random points on the plane. Go*to tbe box contain- 
ing the hyperbolic lines. Get a variety of ait;^ from the box. 
.By trial and error, fit them over the two points until you 
find one which wheVi covering the two points has its ends on 
the edge of the circle. (As in horseshoes .and hand grenades, 
close counts'because of the limited selection of lines.) Check 
to see if there is any other size line that fits the two points 
and has its ends on the edge of the plane. Assuming you have 
found one and onay one such line, we consider that sufficient 
evidence and' move on. 



Statement I Given* any line x , the points that do not lie on line Jl form 
two non-intersecting sets. Any line containing a point from 
each of^these two sets must cross .( . - 



Procedure! 



Statenentt 
* 

Procedure I 



Place any hyperbolic line on the plane and observe. Plok a 
point .on either side of the line. Does- a line containing 'iboth 
those points cross X 

Given a line X "there exists- at le&st one ~1 in e perpendicular to 
it. ■ 

Place two lines on the plane. Change the position of one o^ 
the lines untjl' it appears to.be perpendicular, to the other 
line, How did you determine that they were perpendicular? ' 
Gould you use a protractor to determine if the angles were 
.right "angles? • * . 



n:ow that you are familiar with placing the lines , we will give you 
another set of statements .and alloi/ you to develop your own procedure to 
model) these statements. 

Statement!^ If two lines are perpendicular to the same line, they do not 



intersect. 
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Statementi Given a line ^ andl a point P not; on Af there extsts^ at least ^ 
tw#> llnep through P which are parallel to A. 

Statement f The pleasure of an exterior an^le of an open triangle Is greater 

than* that of the reinote Interior angle. (Remen^ber that two sldias 
j ^ of an open triangle are parallel, not ultra parallel.) 

' • ■ ■ . ; ' • 

Stat^terj^fei The summit angles of a Saccherl quadrilateral aife kcute* 
Statement! The sum of the measures . of tj^e angles of a triangle is less than 

^ What you have accomplished In the flrsj part of this actlvHy iq that 
you can show with these funny circular lines all the things you can do with 
straight lines and Infinite planes. That Ist all the*' postulates ^d theorems 
discussed thus far In the course can l)e modeled on the Polncare plan 9^ We 
admit to neglecting the set of postulates dealing with distance between points. 
This was.4one ^©ll^ei^ely to spare you f rpm working with the complicated dls- 
tanbe formula of the Polnoare model and to s^are, ufi frbm trying to explain It. 

Aside from thfia, we would guess that there may still be one minor detail 
that you find bothersome. That l^^n the real world, lines do not curve and 
planes are not bounded^ ai^e they? "At this point , your Instructor has two 
class ae tlv it legt skillfully prepared to^ further ponf use you on this issue. 
They arei (l) Do you really know which way is stral^ght and (2) First one 
out the dpor 'is extremely small, 

■ ■ " V''. ■ ' . ' r 

Take It eiway Te^hl I 

'I 

From these 'two activities you have hopefully leam'ed the f ollowing, 
First, what Is considered straight Is determined by llae of sight, You have 
no' built fin systfem that' 'guides you in a straight line , ^particularly over 
larpje distances ISthd If -Jihero are no vllsual readings allowed. Secopd, If you 
tried to get to the end of a bounded Ix^e, you might never make It If both' V 
you and your me||^]flng sticky shrank as ypu approached the end of the line. 

But this still has not answejhed the question, "la the physical world 
r«ftily like this?" There Is a noted set' of physical theories which predict 
that lines Ij^ our universe are curved and th^at sl^e of an object changes 
with Its ppeed as well as the object's mass and conception time. They • \ 
ar« the theories of general and special itDlatlvlty as put forth by Dr, Albert 

© 74 u of DML 
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• Th. genera theory ot relativity predicts that llgSt travels through 
the unlVerae In curved lines which are distorted near largo bodles V nasa. 
The distortion the sun would jaroduoe In the path of the light from a dis- 
tant star was computed and then actually ohserved during a solar ecllp,e. 
this simply means that a theory of space which olalw th*t the shortest 
distance- between two points Is a cuived line not a straight line, may ' 
scourately describe space.. 

The special theow of relativity states that If an object Is m6vlng • 
at a very great speed relative to your.fl»n speed, you will observe It to 
be different than If It were simply sitting near you. At high speeds It ' 
would appear to you to be shorter, heavier and to .age less quickly, This 
too has been verified in experiments. Very smll particles called electtons 
have been observed to become heavier when given speeds close to the speed 
of light. Since, In o r dftr tn t ra v e l to th e e dge oJ lh« WlverseTlr^ would 
have to travel ert^ely fast. It Is therefore piaslble-tharyou~and7our~" 
mea^ng stick will shrink. Hence, you will never reach the edge of the 
universe and you will therefore conclude that It Is Infinite. 

The theory of relativity Is a theory used to describe the universe • 
and not Just our locality. If you lo<* at a very small portion of a hyper- 
bolic line. H will appear to you to be straight. Hence, maybe we believe 
^ that lines are stra^ht and unbounded simply because they appear so In 'our 

restricted field of -observation. 
✓ Quickly while you a>e still confused, let's go back, take the other 
possible parallel pos.tulate. and see what results It leads ti. ' 
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Euolldean Geometry 



Kuolld's Parallel Posljulatei Through a point P not on line )( , thfere U at 

moet one line parallel to ^ , 
Ruclld's postulate can now be used to prove some Important theorems. 
We will state and illustrate the theorems hew. After the first one, the 
proof 8 are left to. you. * 

Iv If two parallel lines are. cut by a transversal, the alternate Interior 
an(?les are congruent. 



r 




In the drawing, mlln with transversal t intersecting them at P and Q, 
and forming alternate Interior angles 1 and 2. We know there is a line 
RP 80 that / RPQ ^/z. These congruent angles are also alternate In- 
terlor angles so RP//n. According to Euclid's Postulate, there can be 
at most one parallel to n through P so must be m and Z RPQ -^1. 
Therefore, / 1'^' Sz, 



2. If two parallel lines are out ^a transversal, each pair of correspond- 
ing angles' are congruent, • t ' / 




~>m 



, m//n and out by transversal t. Show £l J?Z2, Z3 ^A, 15 ^^.6, ^7^1^ Z8, ^ 

3* In a plane, two lines parallel to the same line are parallel to each other, 

't ' 
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m//l and n//l, Show mz/n., 
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k. In a plane, If a line is perpendicular to one of two parallels, It Is 
^ perpendicular to the other, « 



J 

^y/m and pi, m. Show pj.j^. 
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Exeroises 



1 



1. Given I AB//CD, m ^.D 
Provei /A « Z.B • 




2. Glveni DE //AB 

m IKQD - 2x -f lif 

♦ 

m/CAB - 5x - 1 
m^GB - 9x •♦• 10 
Find I a) Value of x 

b) m /BAG. 

c) m^DGE 

d) m/ABG 

e) ijl^ACB 

3, Glveni ^XYZ and/ABG coplanar 

Acute angles 
XY//AB, YZ //BG 
Provei ^XYZ - ZIabC 



4, Clveni m/.K.^ m^B - m^G « 00 
Prwei mZ.D * 90 
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Euollde^n 'QffPl^tTT 

Ualnf; Euolld 'a Parallel Postulat*e we can prove an Important theorem 
about triangles, 

* 1. The sum of the measures of the angles of any triangle Is/ 180. 
Glveni AABC ^ - _ _ . 

Provei m/.l + m/2, + m/3 - 180 




By Euclid's Postulate, we know there Is ^t most one line p through B 
l90 that p // AG, Let D, E be points on p with -B between D and E. 

The proof Is lQft_ to_you, ' - 

Exerolaes 

1. Provei The acute angles of a right triangle are complementary. 

♦ " ■ "" 

2. Provei For any triangle, the measure of each exterior angle is equal 

to the sum of the measures 'of its two remote interior ^^ngles. 

/.BCD is an exterior angle of 
AABC. Show + m/Lz * mZsGD. 



/ 



3. Giveni ZlABG. The measure of two angles is given. Supply the third. 



4. 





a) 


mi^A t 


57 . 


m/LB 


- 32 . 




- ? 




b) 


mZ.A - 


108 , 


m^LB 


- 19 . 


mlO 


m ? 




o) 


mZ.A - 


80 , 


m^B 


- X . 


m/C 


- ? 






m^A - 




m^B 


- Y» 


m/C 


- ? 




a) 


m^DAB 


m 








V 




b) 


mZ.ABC 


m 










o) 


m^lBOE 


m 




X2° 








d); 




% 




A 


29^ 


c 




•.fcx 








♦ 






mZACB 


"•/7x 


+ 3 
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a; rind X 

b) Find m/DAB 

o)' Find m/BAO 




/ 

d) Find m/.BCA 

e) Find m/BAC 
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